The concept of R-duals was introduced by Casazza, Kutyniok, and Lammers in 2004. In this paper, we give a condition when a Parseval frame can be dilated to an orthonormal basis of a given separable Hilbert space H. This is advantageous for deriving a condition for a sequence {ω j } j∈J to be an R-dual of a given frame {f j } j∈J .
For more information as regards frames and Riesz bases we refer to the monograph [] . We now state the definition of the R-dual sequence.
Definition  []
Let {e i } i∈J and {h i } i∈J denote two orthonormal bases for H, and let {f i } i∈J be any sequence in H for which i∈J f i , e j  < ∞, ∀j ∈ J.
The R-dual of {f i } i∈J with respect to the orthonormal bases {e i } i∈j and {h i } i∈J is the sequence {ω j } j∈J given by
It is well known from [] that {f i } i∈J is a frame for H with bounds A, B if and only if {ω j } j∈J is a Riesz sequence in H with bounds A, B. But given two sequence {f i } i∈J and {ω j } j∈J , under what conditions can we find orthonormal bases {e i } i∈J and {h i } i∈J for H such that (.) holds? This is the main question we want to answer in this paper. It will be discussed in Section  explicitly. Assume that {f i } i∈J is a frame for H. Define a sequence {n i } i∈J by
where {ω j } j∈J is the canonical dual Riesz sequence of {ω j } j∈J . The construction of {n i } i∈J comes from [] . It plays an important role in this paper. 
(ii) The sequence {h i } i∈J satisfying (.) is characterized as We point out that, in fact, (iii) is not equivalent to the other items in Theorem . In order to clarify this, we need the following proposition from [] .
Proposition  []
Let J be a countable (or finite) index set. Suppose that {x n : n ∈ J} is a Parseval frame for W . Then there exist a Hilbert space K ⊇ W and an orthonormal basis {e n : n ∈ J} for K such that Pe n = x n , where P is the orthogonal projection from K onto W .
A dilation theorem
In this section, a dilation theorem is given, which will be used in Section . Firstly, we give an example to show that Theorem  is not strictly right.
Example  In this example, we choose the index set J = N, the natural number set. Suppose {z i } i∈J is an orthonormal basis for H. Define f i = z i and ω i = z i for all i ∈ J. Then the sequence {f i } i∈J is a Parseval frame with frame bounds  and {ω j } j∈J is a Riesz sequence with bounds  as well. The canonical dual
Obviously, {n i } i∈J is a Parseval frame, but {ω j } j∈J cannot be an R-dual of {f i } i∈J . If not, by (ii) of Proposition , an orthonormal basis {h i } i∈J for H can be characterized by
where
Since z i = , one has m i =  for all i ∈ J. Therefore h i = n i = z i . This contradicts {h i } i∈J being an orthonormal basis for H. Thus (iii) of Proposition  is not right.
In fact, given any orthonormal sequence (of course a Parseval frame), it cannot be dilated to any orthonormal basis but itself. Generally, we have the following theorem. for K , such that
where θ is the analysis operator of {x i }. Since θ is injective, it has inverse restricted to θ (W ). For simplicity, we just denote it by θ - .
For any
Together with (.), we have
Therefore, there is an unitary operator η from W ⊥ onto (θ (W )) ⊥ . Combining with θ , we can define a unitary operator U from H onto K :
One can easily get
Therefore, U * = U - . In fact, for t ∈ H and y ∈ K ,
where the third equation is due to the Parseval frame property of {x n } n∈J and unitarity of η.
Because of the unitarity of U, also i = U - e i is an orthonormal basis for H. Now, taking U - on the two sides of (.), we have
We claim that U - PU is also an orthogonal projection. In fact, by the properties of U and P, we have
Thus we get as desired the complete proof.
Conditions of R-dual
In this section, we discuss under what conditions {ω i } i∈J can be an R-dual of {f i } i∈J . At first, we give two lemmata which will be used later.
Lemma  Let {n i } i∈J be defined as (.), W the close span of {ω j } j∈J , then span{n i } i∈J = W .
Proof Since n i = k∈J e k , f i ω k , we have
In the opposite direction, since {f i } i∈J is a frame for H, there exists a sequence {c } ∈J ∈  (J)
such that e m = ∈J c f for m ∈ J. Then one has
Thus W ⊆ span{n i } i∈J . We have the desired result.
This means the operator equation Sω = S - ω holds.
Obviously, the inverse of is also an antiunitary operator and
Furthermore, the antiunitary operator has the following property.
Lemma  Let be defined as above, then f
Proof By the definition of , one has
Theorem  There exists an orthonormal basis {e i } i∈J such that {n i } i∈J is a Parseval frame if and only if there exists an antiunitary operator such that S ω = S - , where S is the frame operator of {f i } i∈J .
Proof By the definition of {n i } i∈J and Lemma , we have
Suppose {n i } i∈J is a Parseval frame; then we have
For arbitrary complex numbers a and b, we have
Thus S - is a linear operator, so is the operator S
On the other hand, assume there exists an antiunitary operator such that S ω = S - . 
Proof By Proposition , {f i } i∈J is an R-dual of {ω j } j∈J if and only if {n i } i∈J can be dilated to an orthonormal basis for H. By Theorem , this is equivalent to {n i } i∈J being a Parseval frame and (ii) holding. Using Theorem , we see that {f i } i∈J is an R-dual of {ω j } j∈J if and only (i) and (ii) hold.
We appreciate one reviewer having pointed out that Theorem  is of exactly the same type as the characterizations of type II/III in [] . In the special case, if {f i } i∈N is an A-tight frame for a separable Hilbert space H with infinite dimension and {ω j } j∈N is an A-tight Riesz sequence where N denotes the natural number set, then there must be an antiunitary operator form H onto W . So we have S = AI H , S W = AI W , and
Thus the condition (i) of Theorem  holds automatically. And we get the following corollary, first given in [] .
